A new method for designing wind turbine airfoils is presented in this paper. As a main component in the design method, airfoil profiles are expressed in a trigonometric series form using conformal transformations and series of polynomial equations. The characteristics of the coefficient parameters in the trigonometric expression for airfoils profiles are first studied. As a direct consequence, three generic airfoil profiles are obtained from the expression. To validate and show the generality of the trigonometric expression, the profiles of the NACA 64418 and S809 airfoils are expressed by the present expression. Using the trigonometric expression for airfoil profiles, a so-called integrated design method is developed for designing wind turbine airfoils. As airfoil shapes are expressed with analytical functions, the airfoil surface can be kept smooth in a high degree. In the optimization step, drag and lift force coefficients are calculated using the XFOIL code. Three new airfoils CQ-A15, CQ-A18, and CQ-A21 with a thickness of 15%, 18%, and 21%, respectively, are designed with the new integrated design method.
Introduction
Design of airfoils for wind turbine blades is a very basic and important task for designing wind turbine rotors [1] . From the seventies of last century, NASA began on working with airfoil design using a code developed by Eppler and Somers [2, 3] . The philosophy of the design method is that a lift-drag polar was first defined according to the requirements of a designed airfoil and then a pressure coefficient distribution along the airfoil was deduced. Based on the pressure distribution, a potential velocity distribution was obtained. Using the conformal mapping method and the prescribed velocity distribution, the shape of the candidate airfoil was designed. Compared with other inverse methods, the conformal mapping method was used in the Eppler code and it allowed the velocity distribution to be specified along the airfoil surface at different angles of attack [4] [5] [6] [7] [8] .
In the past 20 years various airfoils have been designed especially for wind turbines. The first examples are the NREL nine airfoil families from the National Renewable Energy Laboratory (NREL) [9, 10] that were designed in 1995 for various rotors of horizontal-axis wind turbines (HAWTs) using the Eppler Airfoil Design and Analysis Code. Generally, the new airfoil families were designed such that the maximum lift coefficient is relatively insensitive to wall roughness. These airfoil families have been successfully used in stall-regulated, variable-pitch, and variable-rpm wind turbines. The second example is the DU airfoils that were designed at DUT (Delft University of Technology) and tested in the DUT wind tunnel [11] . The DU airfoils are referred to as DU yy-W-xxx, in which DU stands for Delft University; yy is the year in which the airfoil was designed; W denotes the wind energy application and the last three digits give 10 times the airfoil maximum thickness in percent of the chord. The third example is the RISØ airfoils from RISØ National Laboratory in Denmark. The development of these airfoils started in the mid-1990s and until now three airfoil families have been developed, RISØ-A1, RISØ-P, and RISØ-B1 [12] . Another type of wind turbine airfoils is the FFA airfoils from the Aeronautical Research Institute of Sweden [13] .
In this paper, a new airfoil design method is described. Based on the common characteristics of the existing airfoils, a general expression for airfoils is developed. The airfoil shape is controlled by the coefficients in the series. The airfoil performance is calculated by using the XFOIL code [14] . The accuracy of XFOIL for airfoil flow predictions was investigated in [15] . Since the code is based on solving the viscous integral boundary layer equation and the inviscid Euler equation, it can be run fast on a computer and therefore it is a favorable solver to be used in the design model. As the airfoil equation is directly related to the lift and the drag of the airfoil, it is easier to design any expected airfoils. Compared to the traditional inverse design method, the new design method is more direct and accurate.
Integrated Design Method for Airfoil Profiles

Trigonometric Expression of Airfoil Profiles.
From the earlier Joukowsky transformation investigations on airfoils (e.g., [16, 17] ), it is known that any airfoil profile can be expressed with a conformal mapping and an analytical function of a finite series of Fourier expansions. Following this idea, the shape expression of an airfoil will be constructed similarly by using a conformal mapping and a Taylor series. In general, any airfoil profile can be mapped to a near circle by the relation
where = /4, is airfoil chord, is the complex variable in the airfoil plane, and is the one in the near circle plane. The coordinates of are defined as
Using polar coordinates ( , ) in the near circle plane, the coordinates of the airfoil can be expressed as
On the other hand, the coordinates of in the near circle plane can also be expressed as
where the real part of the exponential argument is a function of as = ( ). The function ( ) is expressed in a series of sine and cosine functions as that (0) = 0. This point corresponds to the sharp trailing edge of the airfoil. The shape of the airfoil is determined combining (1) and (5).
Characteristics of the Trigonometric Expression.
In order to analyse the characteristics of an airfoil desired by using the introduced expression, three special cases will be considered in this section. These cases correspond to three types of airfoils. For convenience, the airfoil coordinates are normalized by the airfoil chord.
Case 1.
Letting the first two coefficients be 1 = 0.1 and 1 = 0.05, putting all other coefficients equal to 0, the function ( ) becomes
From (1), (4), and (6), an airfoil shape is obtained as shown in Figure 1 .
Case 2.
Letting the third and fourth coefficients be 2 = 0.05 and 2 = 0.05, respectively, setting all other coefficients equal to 0, the function ( ) becomes
From (1), (4) , and (7), a second airfoil shape is obtained as shown in Figure 2 .
Case 3. Letting the fifth and sixth coefficients be 3 = 0.03 and 3 = 0.05, respectively, setting all other coefficients equal to 0, the function ( ) becomes
From (1), (4) , and (8), the shape of this airfoil shape is obtained as shown in Figure 3 . From Figures 1-3 , it is seen that the three shapes obtained from the integrated expression have the basic characteristics of an airfoil.
Generality of the Trigonometric Expression.
In order to show the universality of the trigonometric expression, two popular airfoils, the NACA 64418 and the S809 airfoils, are constructed using the present analytical expression.
Combining (2) and (4), and can be expressed in terms of and as cosh = 2 cos , sinh = 2 sin , 
If the coordinates and of an existing airfoil are known, the coefficients of (5) can be determined from (9). If we know points on an airfoil surface, the airfoil shape can be determined in principle with the first coefficients (5) . When the number of coefficients is big, the computing time will be long. This is not very convenient for optimizations. In order to use a small number of coefficients in the expression and represent airfoil shapes with a sufficient accuracy, only the first six coefficients of the equation are chosen:
Using the profile data of the NACA 64418 or the S809 airfoils, we choose six key data points that approximately can determine the shape of the airfoil. Putting the coordinates ( , ) of these six points into (9) , the values of can be determined. The six coefficients
are obtained as shown in Table 1 . In order to analyse the quality of the airfoil derived from the reduced expression, the NACA 64418 and S809 airfoils are reproduced using (1), (2), (4), and (10) . Figure 4 shows the reproduced and the original NACA 64418 and S809 airfoils. From the figure, it is seen that the integrated expression can express the two airfoils with an acceptable accuracy. It is worth noting that a different choice of the six key points results in different six coefficients and a different airfoil shape. If a higher accuracy is required, more coefficients are needed. Thus, we can conclude that a general airfoil can be represented by the introduced expression using a relatively limited number of coefficients.
Integrated Design Method
The integrated design method presented in this paper is an optimization design method which includes an optimization process using the shape expression to represent the profiles of the airfoil. Six coefficients are chosen as design variables to represent the shape of the airfoil. The lift and drag coefficients, which are the main design objectives, are calculated using the fast and robust XFOIL code by Drela [14] .
Design
Objective. An important element during the airfoil design procedure is the criteria for a high lift and a low drag which can increase the energy capture and reduce the cost of energy. In most cases, it is desirable to obtain a high lift and drag ratio in the design range. Therefore, the design objective in the study is the maximum ratio of lift and drag coefficients, / ,
Design Variables and Constraints.
As it is known that high roughness on an airfoil can cause earlier transition to turbulence, keeping the airfoil shape smooth is essential in the optimization. From the previous sections, it was shown that the shape of an airfoil can be expressed analytically using the trigonometric expression. This also implies that analytical expression results in a smooth airfoil shape. In a usual optimization procedure for airfoils, the design variables are chosen to be a spline that can control the shape of airfoil. In the present study, the coefficients of the shape expression are chosen to be the design variables. Since the analytical expression can express airfoil shapes with the first six coefficients and the optimization with a small number of design variables can run fast, the first six coefficients are used to design airfoils. It means that only the following coefficients are active:
In order to design airfoils, the basic structural features of the airfoil shape need to be satisfied. The airfoil thicknessto-chord ratio is one of the most important parameters to determine the basic structure. Besides, the location of the maximum thickness is also important. The location of the maximum thickness is always controlled to be located between 20% and 40% of the airfoil chord, measured from the leading edge [18] . Therefore, the constraint of the location of the maximum thickness is applied as
Results and Discussion
The optimization design of airfoil profiles is achieved by solving the function expression model using MATLAB. And, in this section, three new airfoils CQ-A15, CQ-A18, and CQ-A21 with a thickness of 15%, 18%, and 21%, respectively, are designed by the integrated design method. The aerodynamic performance of the designed airfoils is calculated by the XFOIL code and compared to that of a few existing wind turbine airfoils, such as the RISØ, DU, FFA, and NACA airfoils.
Characteristics of the New Designed Airfoils.
The three new airfoils are designed to have a high lift-drag ratio / for an attack angle ∈ [2 ∘ , 10 ∘ ]. For airfoils with 0.15, 0.18, and 0.21 thickness-chord ratios used for constructing the outboard part of a wind turbine blade and play an important role for the output power. Table 2 lists the characteristics of the three airfoils, where is airfoil thickness, / is thicknessto-chord ratio, and Re is Reynolds number. Figure 5 shows the shape of the CQ-A15 airfoil with a thickness-chord ratio of 0.15. The location of the maximum thickness of this airfoil is at 0.25 chords from the leading edge. The airfoil has a maximum lift coefficient of 1.86 and a maximum lift-drag ratio of 143.92 at a Reynolds number Re = 1.6 × 10
6 . The maximum lift coefficient is found at an attack angle of about 18
∘ and the maximum lift-drag ratio is located at an attack angle of about 6.5
∘ . Figure 6 shows the shape of the CQ-A18 airfoil with thickness-chord ratio of 0.18. The location of the maximum thickness of this airfoil is at 0.25 chords from the leading edge. The airfoil has a maximum lift coefficient of 1.87 and a maximum lift-drag ratio of 150.09 at a Reynolds number Re = 1.6 × 10 6 . The maximum lift coefficient is found at an attack angle of about 18 ∘ and the maximum lift-drag ratio is located at an attack angle of about 5.5 ∘ . The shape of the designed airfoil with thicknesschord ratio of 0.21 is shown in Figure 7 . The location of the maximum thickness of this airfoil is at 0.23 chords. The airfoil has a maximum lift coefficient of 1.96 and a maximum liftdrag ratio of 130.10 at Re = 1.6 × 10 6 . The maximum lift coefficient of the CQ-A21 is found at an attack angle of 18 ∘ and the maximum lift-drag ratio appears at an attack angle of 6 ∘ .
Aerodynamic Performance of the New Airfoils and Comparisons to Existing Airfoils.
All results shown here are carried out using the viscous-inviscid interactive XFOIL code. In order to analyse the sensitivity of the new airfoils to turbulent inflow and wall roughness, computations for both free transitional and fully turbulent flows at Re = 1.6 × 10 6 are carried out. Figure 8 shows the lift coefficient and the lift-drag relation of the new CQ-A15 airfoil. From the figure, it is seen that the lift coefficient is not very sensitive to the inflow turbulence level but the lift-drag ratio is decreased for turbulent flow. The maximum and / for fully turbulent flow are estimated to be 1.83 and 116.76. Figure 9 shows the lift coefficient and the lift-drag relation of the new CQ-A18 airfoil. From the figure, it is seen that the lift coefficient is slightly more sensitive to inflow turbulence. The changes in lift-drag ratio are very similar to the CQ-A15 airfoil. The maximum and / for fully turbulent flow are reduced to 1.82 and 127.67. Figure 10 the XFOIL code. Figure 11 shows the lift and drag coefficients and / for the new designed CQ-A15 airfoil and the NACA 63215 airfoil at Re = 1.09 × 10
6 . From the figure, it is seen that the lift coefficients for the CQ-A15 airfoil increase monotonously for attack angle ranging between 0 ∘ and 20 ∘ , but the lift coefficients of the NACA 63215 airfoil start to decrease at an attack angle of 17 ∘ and also the values are much smaller than that of the new design airfoil. The drag coefficients are similar for both airfoils. Due to the higher lift coefficient of the new airfoil, the lift-drag ratio / is also much bigger than that of the NACA 63215 airfoil. Figure 12 shows the lift and drag coefficients and / for the CQ-A18 airfoil and the NACA 64418 airfoil at Re = 1.6 × 10
6 . From the figure, similar features are seen where the lift coefficients for both airfoils increase monotonously for attack angle ranging between 0 ∘ and 20 ∘ , but the lift coefficient of the new designed airfoil is much higher than that of the NACA 64418 airfoil. The drag coefficients are also similar for both airfoils. As it is in the previous comparison, the liftdrag ratio / is also much bigger than that of the NACA 64418 airfoil. Figure 13 shows the lift coefficient and liftdrag ratio / at Re = 1. airfoil and the RISØ-A1-18 airfoil which have the same relative thickness. From the figure, it is seen that the new designed airfoil produces a higher lift coefficient for an attack angle ranging between 0 ∘ and 20 ∘ . It is worth noting that the lift coefficient of the RISØ-A1-18 airfoil decreases at an attack angle of 12 ∘ .
Similar comparisons for the 21% thickness airfoil CQ-A21 are shown below. Figure 14 shows the aerodynamic performance of the new CQ-A21 airfoil and the RISØ-A1-21 airfoil with the same thickness-chord ratio at Re = 1.6 × 10
6 . The RISØ-A1-21 airfoil stalls at = 12 ∘ where the lift suddenly decreases and the drag increases. The lift coefficient of the new airfoil is seen to reach a value of about 2.0. When the lift coefficient reaches 2, the drag coefficient starts to increase quickly. Figure 15 shows the aerodynamic performance of the CQ-A21 airfoil and the DU93-W-210 airfoil at Re = 1.0 × 10 6 . From the figure, it is obvious that the designed airfoil attains a much bigger during the whole attack angle range between 0 ∘ and 20 ∘ , but the slopes of the lift coefficient against the angle of attack are similar. The drag coefficient for the two airfoils is very similar at angle of attack up to stall. Since a bigger is obtained for the new airfoil, the lift-drag ratio / of the new designed airfoil is also bigger than that of the DU93-W-210 airfoil. Figure 16 shows the aerodynamic performance between the CQ-A21 airfoil and the FFA-W3-211 airfoil at Re = 1.8 × 10
6 . Compared to the FFA-W3-211 airfoil, the lift coefficient of the new designed airfoil is much bigger whereas the drag coefficients for both airfoils are similar. It means that the lift-drag ratio / of the designed airfoil is much bigger than that of the FFA-W3-211 airfoil.
Roughness Sensitivity Study for the New Airfoils.
Roughness in the region near the airfoil leading edge is formed by accumulation of dust, dirt, and bugs which can lead to premature transition in the laminar boundary layer and result in earlier separation. To simulate the influence of roughness on the performance of an airfoil, the fixed-transition on the upper and lower surfaces is usually used. In the RISØ experiments [21, 22] , transition was fixed at 5% and 10% on the upper and lower surfaces, respectively.
In order to test the sensitivity of the new airfoils, transition was fixed at the same locations: 5% and 10% on the upper and lower surfaces, respectively. The lift and drag coefficients of the new three airfoils were calculated using the XFOIL code. In Figure 17 , the performances of the CQ-A15 airfoil with both clean and rough walls are plotted. It is seen that, for the rough airfoil, the lift coefficient is slightly smaller than that of the clean airfoil, but the maximum values are almost the same. Figure 18 shows the comparison of the performances of the CQ-A18 airfoil with clean and rough walls. From the figure, it is seen that the lift coefficient of the rough airfoil is significantly smaller than the clean airfoil, especially at angle of attack between 5 ∘ and 15 ∘ . It should be noted that the drag coefficient at fixed transition is bigger than the free transition case. Similarly, Figure 19 shows the results for CQ-A21 airfoil. From the figure, it is seen that the lift coefficient is decreased and the drag coefficient is increased for the rough airfoil comparing to the clean airfoil.
Conclusions
In this paper a new integrated design method for wind turbines airfoils using an analytical expression of series and conformal transformations has been developed. Using this method, three new airfoils named CQ-A15, CQ-A18, and CQ-A21 with a thickness-chord ratio of 0.15, 0.18, and 0.21, respectively, are designed. The performance of the new airfoils (lift coefficient and lift-drag ratio / ) is calculated using the XFOIL code for both free transition and fully turbulent flows at a Reynolds number of Re = 1.6 × 10 6 . The sensitivity on wall roughness is simulated with fixed transition on airfoil wall. Computations on the new airfoils with rough wall show that the CQ-A15 airfoil is not very sensitive on wall roughness whereas the other two airfoils are sensitive. The force characteristics of the new airfoils are also compared to the common wind turbine airfoils such as RISØ, DU, NACA, and FFA airfoils. The results show that the new method is feasible for designing wind turbines airfoils. 
